A comment on the article "The Schwarz alternating method in solid
  mechanics" by Alejandro Mota, Irina Tezaur and Coleman Alleman [Comput.
  Methods Appl. Mech. Engrg. 319 (2017) 1951] by Maździarz, Marcin
ar
X
iv
:1
71
2.
04
98
8v
1 
 [m
ath
.N
A]
  1
4 D
ec
 20
17
A comment on the article ”The Schwarz alternating
method in solid mechanics” by Alejandro Mota, Irina
Tezaur and Coleman Alleman [Comput. Methods Appl.
Mech. Engrg. 319 (2017) 1951]
Marcin Maz´dziarz∗
Institute of Fundamental Technological Research Polish Academy of Sciences, Warsaw,
Poland
Keywords: Schwarz alternating method, Finite deformation, Mathematical
elasticity, Polyconvexity
Recently, Alejandro Mota and Irina Tezaur and Coleman Alleman [1] ex-
tended the well known Schwarz alternating method from linear to finite-deformation
solid mechanics. They developed and introduced four variants of the Schwarz al-
ternating method, presented proof of geometric convergence of the method and
prepared parallel implementation applied to some examples. Unfortunately, the
work contains serious errors, both from the point of view of finite-deformation
solid mechanics as well as mathematical elasticity.
In the proof of the convergence of the Schwarz alternating method presented
in Ref.[1, Eq.36, P.3] it is assumed that Φ[ϕ] is strictly convex with respect
to the deformation gradient F . Such seemingly innocuous assumption must be
unfortunately ruled out:
• This assumption is unacceptable physically, enforces the uniqueness of the
solution and makes description of buckling impossible, see Ref.[2, Ch.0]
and references there,
• moreover, it is incompatible with the property: Φ[ϕ]→+∞ as detF→0+,
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• as well as from objectivity condition, i.e. axiom of material frame invari-
ance, see Ref.[3, Thm.4.8-1].
Therefore, the convexity of the energy function Φ[ϕ] should be replaced by the
weaker polyconvexity, i.e. sufficient condition for quasiconvexity, see Ref.[3].
The stored energy function used in numerical example in Ref.[1, Eq.46] is
not strictly convex with respect to the deformation gradient F , see Rmk.1, in
fact it is polyconvex, and does not meet the assumptions of the Ref.[1, Eq.36,
P.3].
Remark 1. (nonconvexity of the energy function)
We say that W(F) is convex for λ∈(0,1) if
W(λF1 + (1 − λ)F2) < λW(F1) + (1− λ)W(F2). (1)
Choose F1, F2, Fλ∈M
3×3
F1 =


1 0 0
0 1 0
0 0 1

 ,F2 =


−1 0 0
0 −1 0
0 0 1

 ,Fλ = λF1 + (1 − λ)F2, (2)
this implies J(F1)=J(F2)=1, tr(F1
TF1)=tr(F2
TF2)=3,
J(Fλ)=(2λ-1)
2, tr(Fλ
TFλ)=2×(2λ-1)
2+1.
Stored energy function in Ref.[1, Eq.46]:
W(C) =
κ
4
(J2 − 2logJ − 1) +
µ
2
(J−2/3trC − 3), where J = det(F),C = FTF. (3)
For convenience choose κ=4, µ=2. Omitting some cumbersome calculations
for λ∈(0,1)\1/2 we get W(F1)=W(F2)=0,W(Fλ)>0 and contradiction of con-
vexity condition in Eq.1.
Let’s assume now that we replace the convexity assumption in the proof of
the convergence of the Schwarz alternating method in Ref.[1, Eq.36, P.3] by
the more suitable weaker polyconvexity and try to apply the proposed Schwarz
alternating method to a problem of Buckling of a Rod analysed in Ref.[2, Ch.9].
It is shown ibidem that, ”sufficiently long rods of arbitrary cross-section will
2
exhibit nonuniqueness” and buckle. If we divide such a sufficiently long rod into
shorten domains, as it is done in the proposed Schwarz alternating method, this
condition of sufficient length will be not fulfilled and we will not get buckling.
Thus, we will receive a solution other than for one domain. Consequently the
Schwarz alternating method will give a completely different qualitative solution,
that rather excludes it from the use in application of finite-deformation solid
mechanics where nonuniqueness can usually occur.
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